Abstract. We consider an inverse problem for determining an inhomogeneity in a viscoelastic body of the Zener type, using Cauchy boundary data, under cyclic loads at low frequency. We show that the inverse problem reduces to the one for the Helmholtz equation and to the same nonlinear Calderon equation given for the harmonic case. A method of solution is proposed which consists in two steps : solution of a source inverse problem, then solution of a linear Volterra integral equation.
INTRODUCTION
Inverse problems for defect and crack identification in elasticity and viscoelasticity have many applications in medecine and the mechanics of materials. In medecine, tomography techniques using mechanical loads such as antiplane shear loading on life tissue, considered as a viscoelastic medium, have been worked out for Kelvin-Voigt's viscoelasticity (Catheline et al [12] , Muller et al [18] ) and for pure elasticity. In the elastic case, solutions to crack inverse problems in 2D and 3D are already known, see Andrieux and Ben Abda [4] , Andrieux et al [5] , Bui et al [8] . It is thus important to know if viscoelastic inverse problems can be studied by using classical correspondence between viscoelasticity and elasticity. Such a correspondence allows for applications for mechanical tomography in viscoelastic media. We shall consider a more general viscoelastic constitutive equation of the Zener type and consider either dynamic antiplane shear loading or scalar acoustic problems in viscous materials. It has been established in Chaillat and Bui [13] that, for low frequency of the load, the correspondence between viscoelasticity and elasticity still exists. Therefore, the inverse problem for crack and defect identification in viscoelasticity can be solved by using methods available in linear elasticity. For example, the crack inverse problem in dynamic viscoelasticity can be studied by considering the same problem in the frequency domain for the scalar Helmholtz equation, which has been solved by Alves and Ha-Duong [1] , [2] , Ben Abda et al [6] or in the time domain by using solutions to planar crack inverse problems in transient acoustics and elastodynamics [9] . In this paper we shall consider the inverse problem for identifying a distributed defect in viscoelasticity with potential applications to detection of tumors in soft tissue and show that the perturbation of the material constant h(x) satisfies the same nonlinear equation established by Calderon [11] for the quasistatic case. While the linearized equation, for infinitely small perturbation, has been solved analytically by Calderon [11] , the nonlinear case can be studied by considering two problems, a source inverse problem and a Volterra integral equation of the first kind.
A VISCO-ELASTIC MODEL
2.1. Stress-strain law Various rheological models exist to model the viscoelastic behavior of a material. The Kelvin-Voigt model is well suitable to model solids. The Maxwell model is generally used to model fluids. The rheological model used in this paper is a Zener one with a dashpot impedance η and elastic constants k 0 and k 1 (Fig. 1c) . In this model, whenε = 0, the dashpot has no effect and the model has a "delayed modulus". The model is equivalent to two springs connected in series. On the other hand, ifε = ∞, the dashpot is blocked, it has an instantaneous modulus. Usual formulation of viscoelasticity is given by the Boltzmann functional equation (Mandel [16] )
with λ(t) and µ(t) being relaxation functions. Another constitutive law is given by the differential form
where Λ ∞ = λ ∞ I 2 ⊗ I 2 + 2µ ∞ I 4 is the instantaneous elastic moduli tensor, defined by instantaneous Lamé's constants λ ∞ , µ ∞ and γ, η are respectively creep and relaxation times. In what follows, we change notations and rewrite (2) in the form proposed by Goriacheva [14] with the delayed elastic tensor Λ defined with Lamé's constants λ, µ
The coefficients α, β are determined by α = η/k 1 , β = η/(k 0 + k 1 ), Fig. (1) . Remark that the material in the interface between two sliding solids, which behaves like an elastic solid hal-00447865, version 1 -16 Jan 2010
in compression and a viscous fluid in tangential, can be described by (3), see DragonLouiset [17] . We introduce the transformed stress, displacement and strain
The tensors σ * and ε * are linked by the constitutive equation of isotropic elasticity with the Lamé coefficients λ and µ of the delayed moduli
With u(x, t) = v(x) cos(ωt), the displacement rateu(x, t) is out of phase of π/2. Using (5), we obtain u * (x, t) = v(x)(cos(ωt) − αω sin(ωt)).
Defining the angle ψ such that tan ψ = αω (0 ≤ ψ < π/2, i.e. cos ψ = 0) it follows:
It is now clear that variables u * and u are out of phase of angle ψ but have the same circular frequency ω. Then, suppose that σ(x, t) = w(x) cos(ωt + θ), we obtain σ
Defining in the same manner the angle φ such that tan φ = βω (0 ≤ φ < π/2) it follows:
The variables σ * and u * are known to satisfy the constitutive equation (6) , so that they have to be in phase. It follows that ψ = φ + θ. Finally, stress σ and strain or u have to be out of phase of θ = ψ − φ.
Equation of motion
The quantities σ * and u * which are linked by elastic law, are now shown to satisfy the equation of motion approximately. The assumed form of fields σ and u are compatible with the equation of motion div σ − ρü = 0 if and only if the out of phase angle θ is very small. More precisely, the modification introduced in the dynamic equation by the phase difference between σ and u is proportional to ρω 2 θ. Since for small θ, we have θ ≈ |α−β|ω and thus ρω 2 θ ≈ ρω 3 |α − β|, where
The latter term can be neglected in comparison with ρω 2 v if and only if
Therefore, the frequency of the experiment must be much less than the limit frequency ω 1 = 1/|α−β|. The static case ω = 0 obsviously satisfies the latter condition. Since |α − β| is proportional to the viscosity coefficient η, the lower the coefficient η, the higher the limit frequency ω 1 (in solid mechanics η is indeed small, so that ω 1 is large). Also ω 1 is large when |α − β| is small for some rheological models. Very often, Civil Engineering problems do not consider viscosity.
Finally, provided that ω ω 1 , the change of functions using u * and σ * leads to the same elastodynamic equation div σ * + ρω 2 u * = 0, σ * = Λ : ε * . This correspondence between viscoelasticity and elasticity making use of a real Helmholtz equation has been exploited in [13] for a new approach of real boundary integral equation. A crack inverse problem in viscoelasticity is considered in Bui et al [10] . In what follows, we will exploit some known methods of inverse problems for elasticity and for the Helmholtz equation in order to study the change of constant, for example due to damage in a material or to tumor growth in life tissue.
THE NONLINEAR CALDERON EQUATION
In what follows we consider the identification of internal defects in 2D problems. For example, an antiplane shear loading of a body whose normalized shear modulus is of the form m(x) = 1+h(x). The shear modulus in the absence of defect (h = 0) is normalized to unity. For scalar acoustics, the bulk modulus is m(x) = 1+h(x). We assume that the defect is characterized by function h(x) with compact support C ⊂ Ω and h = 0 on the boundary ∂C. We extend its definition outside the inclusion by setting h = 0 there. The governing equations are div(m grad u) + k 2 u = 0, with prescribed (1 + h)∂u/∂n = ∂u/∂n=w on the boundary. The boundary value u=v can be measured for further use as a data in the inverse problem. In anti-plane shear loading of a long cylinder, u(x 1 , x 2 ) is the out of plane displacement component (along the axis of the cylinder), while in acoustics u(x 1 , x 2 ) denotes the pressure. Using the transformed function u * for small k 2 , the equations are
These equations are precisely the same as the ones considered in the Helmholtz inverse problem. For k = 0, the linearized inverse problem for small perturbation h (Fig. 2) , has been solved by Calderon [11] , see also [7] . Let us generalize Calderon's problem to Eqs. (10-11) for k = 0.
Condider an adjoint problem for the sound solid h = 0 :
and let b(x) be the boundary value of ϕ.
Combining (10) and (12a), making an integration by parts and taking account of h = 0 on ∂C, we get an equation similiar to the one given in Calderon [11] 
hal-00447865, version 1 -16 Jan 2010 The right hand side of Eq. (13) is known from the boundary data (f, g) of the current field u * and the data (a, b) of the adjoint function ϕ. In the following, it will be denoted by R(f, g; a, b). Eq. (13) is nonlinear in h and its integration domain C is yet unknown.
Following Calderon [11] we can linearize Eq. (13) by replacing the unknown function u * by function u 0 which satisfies
We obtain
An explicit solution of Eq. (15) can be derived by using adjoint field of the Helmholtz equation and similar method outlined by Calderon [11] .
A source inverse problem
We need some preliminary results on the source inverse problem which consists in finding the source S(x) using Cauchy boundary data f and g
This problem has been investigated in the literature, for the harmonic equation (k = 0) as well for the Helmholtz equation, see Isakov [15] , El Badia and Ha-Duong [1] . The source inverse problem does not generally have a unique solution. For example, in potential theory (k = 0) two sources of the form S i = λ i χ[ω i , a i , r i ], i = 1, 2 with characteristic functions χ of balls ω i , center a i , radius r i , amplitude λ i , give the same pair of boundary data f, g when they have the same centers a 1 = a 2 and λ 1 r 2 1 = λ 2 r 2 2 , Isakov [15] , El Badia and Ha-Duong [1] . To ensure uniqueness [19] , one considers the class V of sources defined by the finite sum λ i χ[ω i , a i , r i ], with distinct centers, as proposed in [1] . Upon discretizing the expected source zone into M square elements (or pixels) s i of size e i , with meshes lying entirely inside the domain (Fig. 2) , any function S(x) can be approximated by a finite sum of piecewise constant functions in distinct square supports, with constant intensities S(x) = λ i χ[s i , e i ]. Function S(x) is well approximated by this way. However, to ensure uniqueness of results it is convenient to use a basis of circular sources discussed above λ i χ[ω i , a i , r i ]. Many choices are possible : inscribed circle with radius e i /2 with intensity λ i = 4λ i /π, circular source with the same area or r i = e i / √ π. The circular shape is important because, as remarked in [1] , from the boundary observation, i.e the functional R, sources in V behaves like point sources. Given a source domain C, the question is how much circular sources ω i of supports in C and of distinct centers and different radii may be considered for approximation? A large number of elementary sources gives a better approximation of C, in the sense that the measure of C \ ω i is small, but the corresponding linear system may be ill-posed. A small number of elementary sources allows fair invertibility of the linear system but provides poor approximation of C. The best choice is an open problem. In the following, we assume that Cauchy data corresponds to some unknown source of the form S(x) = i λ i χ[s i , e]. For any field ϕ solution in the set A of solution which satisfies either the harmonic equation (k = 0), or the homogeneous Helmholtz equation (k = 0), we get
and using the definition of R we can write
Equations (18) or (19) show that two non zero sources S i (x) = 0 of distinct supports in the class V, giving the same boundary data f, g cannot exist, because by difference, we
The conclusion is that these sources vanish separately (because of distinct supports) in contradiction with our assumption. Equation (19) allows the construction of solution S(x) by considering a family of M adjoint fields ϕ (j) , j = 1, ..M such that the matrix of the following linear system of equations for λ i is invertible
For k = 0, harmonic adjoint fields are the real (or imaginary) part of polynomial of
The matrix in (20) A ij = ϕ(a i ) (j) of the Vandermonde type is invertible. Generally the number M is not known. One assumes that there exists a maximun number M max (a priori knowledge). The linear system (20) has the rank M < M max which may be determined by studing eigenvalues of the matrix. For k = 0, there are many possible adjoint fields. The first one, for Eq. (20), is given by the real part of function, Ammari and
where
The second one is the ξ-family of 2D fundamental solution of the Helmholtz equation with singular point ξ lying outside the domain
with Hankel function of the 1rst kind and order 0. One chooses M different singular points ξ (j) outside the domain and near its boundary.
Reduction to two successive simpler problems
Let us rewrite Eq.(13) in the following form
where the underbraced term is denoted by H(x). The equation
with unknown H(x) and boundary data u * = f and ∂u * /∂n = g is a source inverse problem. By solving this source inverse problem (see Subsection 3.1) we obtain the source H(x), its support C and the true displacement field U (x) . = u * (x; h), even if h(x) is unknown. We obtain also the strain, but not the stress.
It is interesting to remark that the solution of the source inverse problem (25) provides the support of the unknown h(x), since it can be proved that supp(H) ≡ supp(h) = C. It does not provide the function h itself. Hereafter, we assume that the support C of H is known. To determine h, we remark that the term u * (x; h) of the nonlinear Calderon equation (13) can be replaced by the field U (x) determined above, thus C h(x) grad U (x).grad ϕ(x)d 2 x = R(ϕ)
Next we introduce the ξ-family of adjoint field ϕ(x, ξ) defined by the fundamental solution of the Helmholtz equation (23) where the singular point is the parameter ξ ∈ R \ Ω. We obtain a Volterra integral equation of the first kind, with kernel K(x, ξ) . = grad U (x).grad ϕ(x, ξ)
The nonlinear Calderon problem is solved if we find h(x) satisfying h = 0 on ∂C and the above linear Volterra integral equation of the first kind, over a known domain C.
CONCLUSIONS
In this paper we consider a particular viscoelastic stress-strain law involving stress and strain rates of the Zener type. Provided that the frequency is low, the correspondence between viscoelasticity and elasticity is conserved. Some inverse problems for defect identification in viscoelasticity, with applications to medical tomography, can be solved by existing corresponding solutions in elasticity or scalar acoustics. We have shown that the nonlinear Calderon problem reduces to two successive problems: a source inverse problem and a Volterra integral equation of the first kind.
